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Abstract: Using properties of shuffles of copulas and tools from combina¬ 
torics we solve the open question about the exact region D determined by 
all possible values of Kendall’s r and Spearman’s p. In particular, we prove 
that the well-known inequality established by Durbin and Stuart in 1951 is 
only sharp on a countable set with sole accumulation point (-1,-1), give 
a simple analytic characterization of D in terms of a continuous, strictly 
increasing piecewise concave function, and show that Q is compact and sim¬ 
ply connected but not convex. The results also show that for each (x,y) £ Q 
there are mutually completely dependent random variables whose r and p 
values coincide with x and y respectively. 
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1. Introduction 

Kendall’s r and Spearman’s p are, without doubt, the two most famous non- 
parametric measures of association/concordance. Given random variables X, Y 
with continuous distribution functions F and G respectively, Spearman’s p is 
defined as the Pearson correlation coefficient of the U(0, 1)-distributed random 
variables U := F o X and V := G o Y whereas Kendall’s r is given by the 
probability of concordance minus the probability of discordance, i.e. 

p(X,Y) = 12(E(UV)-l) 

t ( x , y ) = p((Xi - x 2 )(y 1 - y 2 ) > o) - p(PG - x 2 )(y 1 - y 2 ) < o), 

whereby {Xi,Y\) and (V 2 ,p 2 ) are independent and have the same distribution 
as (X, y). Since both measures are scale invariant they only depend on the 
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underlying (uniquely determined) copula A of (X,Y). It is well known and 
straightforward to verify (see [13]) that, given the copula A of (X, Y), Kendall’s 
t and Spearman’s p can be expressed as 


r{X,Y)= 4 
P(X,Y) = 12 


[o,i ] 2 


A(x,y) dp A (x,y ) - 1 =: r(A) 
xydp A (x,y) - 3 =: p(A), 


[ 0 , 1 ] = 


( 1 . 1 ) 

( 1 . 2 ) 


whereby p, A denotes the doubly stochastic measure corresponding to A. Con¬ 
sidering that t and p quantify different aspects of the underlying dependence 
structure (see [6] and the references therein) a very natural question is how 
much they can differ, i.e. if t(X, Y) is known which values may p{X , Y) assume 
and vice versa. The following well-known universal inequalities between r and 
p go back to Daniels [1] and Durbin and Stuart [4] respectively (for alternative 
proofs see [10, 7, 13]): 

|3r — 2p| < 1 (1.3) 


_ 1 < P < ! _ 

2 ~ ~ 2 


(1.4) 


The inequalities together yield the set Do (see Figure 1) to which we will refer 
to as classical r-p region in the sequel. Daniels’ inequality is known to be sharp 
(see [13]) whereas the first part of the inequality by Durbin and Stuart is only 
known to be sharp at the points p n = (—1 + —, —1 + -%) with n > 2 (which, using 
symmetry, is to say that the second part is sharp at the points —p n )- Although 
both inequalities are known since the 1950s and the interrelation between r and 
p has received much attention also in recent years (see [6] and the references 
therein), to the best of the authors’ knowledge the exact r-p region D, defined 
by (C denoting the family of all two-dimensional copulas) 


D = {(t(X,Y), p(X,Y)) ■ X,Y continuous random variables} (1.5) 
= {( r (A),p(A)) : AeC}, 


is still unknown. 

In this paper we give a full characterization of D. We derive a piecewise 
concave, strictly increasing, continuous function $ : [—1,1] —>• [—1,1] and (see 
Theorem 3.5 and Theorem 5.1) prove that 

ft = {(x,y) e [—1, l] 2 : $(x) < y< -$(-x)}. (1.6) 

Figure 1 depicts Do and the function $ (lower red line), the explicit form of $ 
is given in eq. (3.8) and eq. (3.7). As byproduct we get that the inequality by 
Durbin and Stuart is not sharp outside the aforementioned points p n and — pn , 
that D is compact and simply connected, but not convex. Moreover, we prove 
the surprising fact that for each point (x, y) £ D there exist mutually completely 
dependent random variables X,Y for which (t(X, Y), p(X, Y)) = (x,y) holds. 
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Fig 1. The classical r-p-region Qq and some copulas (distributing mass uniformly on the blue 
segments) for which the inequality by Durbin and Stuart, is sharp. The red line depicts the 
true boundary of ft. 


The rest of the paper is organized as follows: Section 2 gathers some notations 
and preliminaries. In Section 3 we reduce the problem of determining fl to a 
problem about so-called shuffles of copulas, prove some properties of shuffles 
and derive the function $. The main result saying that fl is contained in the 
right-hand-side of eq. (1.6) is given in Section 4, tedious calculations needed 
for the proofs are collected to the Appendix. Finally, Section 5 serves to prove 
equality in eq. (1.6), and to collect some interesting consequences of this result. 

2. Notation and Preliminaries 

As already mentioned before, C will denote the family of all two-dimensional 
copulas, see [3, 5, 13, 16]. M and W will denote the minimum copula and the 
lower Frechet-Hoeffding bound respectively. Given A £ C the transpose A* £ C 
of A is defined by A t (x,y) := A(y,x) for all x,y £ [0,1]. doo will denote the 
uniform distance on C; it is well known that (C,doo) is a compact metric space 
and that doo is a metrization of weak convergence in C. For every A £ C the 
corresponding doubly stochastic measure will be denoted by pa, he. we have 
Pa([ 0, rc] x [0, r/]) := A(x, y) for all x,y £ [0,1]. Vc denotes the class of all 
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these doubly stochastic measures. £?([0,1]) and i5([0, l] 2 ) will denote the Borel 
cr-fields in [0,1] and [0, l] 2 , A and A 2 the Lebesgue measure on [0,1] and [0, l] 2 
respectively. Instead of A-a.e. we will simply write a.e. since no confusion will 
arise. T will denote the class of all A-preserving transformations h : [0,1] — > 
[0,1], i.e. transformations for which the push-forward X h of A via h coincides 
with A, % the subclass of all bijective h € T. 

For every copula A £ C there exists a Markov kernel (regular conditional 
distribution) K A : [0,1] x B([ 0,1]) —» [0,1] fulfilling ( G x := {y £ [0,1] : ( x,y) £ 
G} denoting the x-section of G £ £?([0, l] 2 ) for every x £ [0,1]) 



Ka(x, G x ) d\(x) = ha{G), 


for every G £ £f([0, l] 2 ), so, in particular 



K a (x , F) dX(x) = X(F) 


( 2 . 1 ) 


( 2 . 2 ) 


for every F £ B([ 0,1]). We will refer to K A simply as Markov kernel of A. On 
the other hand, every Markov kernel K : [0,1] x £>([0,1]) —> [0,1] fulfilling (2.2) 
induces a unique element ji £ ([0, l] 2 ) via (2.1). For more details and prop¬ 

erties of regular conditional distributions and disintegration we refer to [ 8 , 9]. 

A copula A £ C will be called completely dependent if and only if there exists 
h £T such that K(x,E) := 1 E (h(x)) is a Markov kernel of A (see [11, 19] for 
equivalent definitions and main properties). For every h £ T the induced com¬ 
pletely dependent copula will be denoted by Ah■ Note that h\ = h ,2 a.e. implies 
Ah 1 = Ah 2 and that eq. ( 2 . 1 ) implies Ah{x,y) = A([0,x] 0 /i _ 1 ([0, y])) for all 
x, y £ [0,1]. In the sequel Cd will denote the family of all completely dependent 
copulas. Ah £ Cd will be called mutually completely dependent if we even have 
h £ %. Note that in case of h £ % we have A h -1 = ( A h y. Complete depen¬ 
dence is the exact opposite of independence since it describes the (not necessar¬ 
ily mutual) situation of full predictability/maximum dependence. Some notions 
quantifying dependence of two-dimensional random variables which, contrary 
to Schweizer and Wolff’s a (see [15]) are not based on dao have been studied in 
[18, 19]. 

Tackling the problem of determining the region Q, our main tool will be 
special members of the class Cd usually referred to as shuffles of the minimum 
copula M. Following [13] we will call h £ Tb a shuffle (and Ah £ Cd & shuffle of 
M) if there exist 0 = so < Si < ... < s n _ 1 < s n = 1 and e = (ei,..., e n ) £ 
{—1,1}" such that we have h'(x) = £i for every x £ (sj_i, s*). In case of e, = 1 
for every i £ {1,..., n} we will call h straight shuffle. S will denote the family of 
all shuffles, <S + the family of all straight shuffles. It is well known (see [12, 13]) 
that C 5 +, defined by 

C s+ = {A h : h £ S+} (2.3) 

is dense in (C. d^). For more general definitions of shuffles we refer to [3]. Ob¬ 
viously every shuffle h £ S can be expressed in terms of vectors u £ A„,e £ 
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{— 1 , 1 }" and a permutation 7 r £ er„, 
A„ = {x £ [0,1]" : Yh=i Xi = 1} and a, 
fact, choosing suitable u £ A n ,e £ {— 
zero by definition) 

k 

Sk ■ ^ ^ Hi, 

»= 1 

for every fc £ {0,. .., n}, we have - 
(sfc_i, Sfc) the shuffle /i is given by 

M*) = K,uA*) ■■= ( 

l *xr(fe) 


whereby A„ denotes the unit simplex 
i denotes all bijections on {1,..., ?r}. In 
1 , 1 }”, 7 r £ a n , setting (empty sums are 


k 


tk : = r-i(i) 

(2.4) 

i= 1 


Sk— 1 = Hfc tn(k) ^7r(k) — 1 

and on 

i+x-s fc -i if £fc = 1 , 

- (x — Sk-i) if £fc = — 1 - 

(2.5) 



Fig 2. Shuffle h niUt e with tc = (4, 2,1,3), u = ( |, §,},}) and e = (1,—1,1,1) 

In the sequel we will directly work with the function h n>Ute , implicitly defined 
in eq. (2.5) since all possible extensions of h n ^ e from (Ji=i( s fc-i> s k) to [ 0 , 1 ] 
yield the same copula, which we will denote by Af ln u e . In case of Ei = 1 for 
every i £ {l,...,n} we will simply write h n>u in the sequel. Note that the 
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chosen representation is not unique, i.e. for given u £ A„,e £ {—1,1}™,7r £ a n 
there always exist u' £ A m ,e' £ {—l,l} m ,7r' £ a m with m ^ n such that 
^■7r,u,e = /iir'.u'.e' a.e., implying j(S = Ah , , ,. So, for instance, the shuffle 
h-K, u ,e with 7T = (4, 2,1,3), u = (|, |, \) and e = (1, —1,1,1) as depicted in 

Figure 2, and the shuffle /v.u'.e' with id = (5, 3,1, 2,4), id = (|, |, |, |, j) and 
e = (1, — 1,1,1,1) coincide a.e. and induce the same copula. 

Remark 2.1. It might seem more natural to directly work with minimal rep¬ 
resentations (minimal dimension n) and to exclude the case of Uk = 0 for some 
k (implying (sk-i,Sk) = 0) in the first place - since we will, however, use var¬ 
ious compactness arguments in the sequel the chosen representation is more 
convenient. 

3. Basic properties of 12 and some results on shuffles 

In this section we will first show that for determining 12 it is sufficient to consider 
straight shuffles, give explicit formulas for (r{Ah) 1 p{Ah)) for arbitrary h £ S + , 
and derive a strictly increasing function 4> : [—1,1] —► [—1,1] which, after some 
change of coordinates, will finally be shown to fully determine f 1 in the subse¬ 
quent section. 

We start with some observations about O. The mapping / : C —> [—1,1] 2 , 
defined by f(A ) = (r(A),p{A)), is easily seen to be continuous w.r.t. doo, so 
compactness of (C,doo) implies compactness of fh As a consequence, using eq. 
(1.5) and the fact that C5+ is dense we immediately get (U denoting the closure 
of a set U) 

n={(r(A h ),p(A h )) : h£S+}. (3.1) 

Based on this, our method of proof will be to construct a compact set 12$ (fully 
determined by the function 4>) fulfilling (r(Ah),p{Ah)) £ 11$ for every h £ S + 
since then we automatically get 12 C f2$. 

Apart from being compact, 12 is easily seen to be symmetric w.r.t. (0,0). In 
fact, letting A £ C denote the copula defined by A{x,y) = x — A(x, 1 — y) for 
every A £ C, both t{A) = —t(A) and p(A) = —p(A) follow immediately from 

eq. (1.1) and eq. (1.2). Having this, considering A = A, we obtain the stated 
symmetry w.r.t. (0, 0). Note that, setting h := 1 — h, we get Ah = A^ for every 
h £ %■ Analogously, it is straightforward to verify that r(A t ) = t{A) as well as 
p(A t ) = p{A) holds for every A £ C, implying 

r(A h -i) = r(A h ), p(A h -i) = p{A h ) (3.2) 

for every h £ %■ 

For every h £ T define the quantities inv(2i) and invsum(/i) (notation loosely 


L [14]) by 



inv(/i) = 

/ Mo,x)(y)l{h(x),i]{h(y))d\ 2 (x,y) 

d[0,l] 2 

(3.3) 

invsum(/i) = 

/ 1[0,*)(y)l(h(®),i](/i(2/))(a? - y)d\ 2 {x,y). 

d[0,l] 2 

(3.4) 
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Then the following result holds: 

Lemma 3.1. For every h G % the following relations hold: 

r(Af l ) = 4 f Ah(x, h(x)) d\(x) — 1 = 1 — 4inv(/i) 

•'[ 0 , 1 ] 

p(Ah) = 12 / xh{x) dX(x) — 3 = 1 — 12invsum(/i) 

•'[ 0 , 1 ] 

Moreover, for every h GTj, we have (inv(/i), invsum(h)) G [0, |] x [0, g]. 
Proof. Using disintegration we immediately get 


t{A h ) = 4/ / A h (x,y)K Ah (x, dy) dX(x) - 1 

J[ o.i] J [0,1] 

= 4 f Ah (x, h(x)) dX(x) — 1 

•mu 


as well as 


(h) = f f (l-l[o ,h(x)](h(y))) d\(y)d\(x) 

1 [0,1] J[0,x] K 7 


(x — Ay(x, h(x))) dX(x) = 


1 - r(A h ) 


which proves the first identity. The first part of the second one is an im¬ 
mediate consequence of disintegration. To prove the remaining equality use 
J[o,z) i](%)) dA (y) = x - A h (x,h(x)) and f (y>1] l [0My ))(h(x)) dX(x) = 
h(y) - A h (y, h{y)) to finally get 

invsum(A/ l ) = / x(x — Ah(x, h(x)) — (h{x) — Ah{x, h(x))) dX(x) 

•'[ 0 , 1 ] 

= / xh(x)dX(x). 

3 7[o,i] 

The fact that (inv(Ah), invsum(A/j)) G [0, |] x [0, g] is a direct consequence of 

SIC [—1,1] 2 . “ □ 

As next step we derive explicit formulas for inv(h) and invsum(/i) for the case 
of h being a straight shuffle based on which we will afterwards derive the afore¬ 
mentioned function $ determining the region Q. To simplify notation define 

h = ■ 1 <i<j<n, 7T (i) > 7 r(j)} 

Qn = {{i, j, k} : 1 <i<j<k<n, n(i) > w (j) > n(k) or (3.5) 

7 r(j) > n(k) > 7r(i) or 7r(k) > ir(i) > 7r(j)}, 

as well as 


a„(u) = in v(h„ tU ), b n (u) = inv(ft T)U ) - 2invsum(/i 7r; „) (3.6) 
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for every n G cr n and u G A n . The following lemma (the proof of which is given 
in the Appendix) holds. 

Lemma 3.2. For every (tv,u) £ a n x A„ the following identities hold: 

inv(/i W)tt ) = a„(u) = ^ UiU 3 

i<j, Kile/,, 


invsum(/i,r jU ) 


K{u) 


E ( 2 U * Uj + 2^ + E u i u j u k 

k: i<k<.j 


i<j, 

E 

i<j<k, {i,j,k}GQ „ 


HjUjIlk 


As pointed out in the Introduction, the first part of inequality (1.4) is known 
to be sharp only at the points p n = (—1 + —1 + -%) with n > 2. According 

to [13] (or directly using Lemma 3.2), considering n = (n, n — 1,..., 2,1) and 
ui = u 2 = • ■ - = u n = i we get p n = (r(A hir J, p{A hir u )). Having this, it seems 
natural to conjecture that all shuffles of the form Ah„ ,, with 


7 r = (n, n - 1 ,..., 2 , 1 ), ui=u 2 = ... = u n - i = r, u n = 1 - (n - l)r 

for some n > 2 and r £ (4, ) might also be extremal in the sense that 

(r(A h ^ ), p{A hn )) is a boundary point of Q. Main content of the paper is the 
confirmation of this very conjecture. We will assign all shuffles of the just men¬ 
tioned form the name prototype, calculate r and p explicitly for all prototypes 
and then, based on these values, derive the function 4>. 

Definition 3.3. n £ a n will be called decreasing if n = (n, n — 1,..., 2,1). The 
pair ( 7 r, u) £ a n x A„ will be called a prototype if tt is decreasing and there exists 
some r £ [—, such that u\ = u 2 = ■ ■ ■ = u n -1 = r and u n = 1 — (n — l)r. 
Analogously, h £ <S + (and Ah £ Cd) is called a prototype if there exists a 
prototype (7 t,u) such that h = h , rjU a.e. 

Using the identities from Lemma 3.2 we get the following expressions for 
prototypes (the proof is given in the Appendix): 

Lemma 3.4. Suppose that (n, u) £ cr„ x A n is a prototype, then 


T (Ah„,J = 1-4(n - l)r + 2 r 2 n(n - 1) £ [^, 2 

P( A h„,J = 1 — 2r(n — 1)(3 — 3r(n — 1) + r 2 (n — 2)n) € ] • 

Fix n > 2. Then both functions r4 1- 4(n — l)r + 2 r 2 n(n — 1) and r 1 —>• 
1 — 2 r(n — 1)(3 — 3r(n — 1) + r 2 (n — 2)n) are strictly increasing on [-, ^yry]. 
Expressing r as function of r and substituting the result in the expression for p 
directly yields 


, 4,3, 3r(A^J 

P\ A h„ t J) — —1 2 4 - 1 - 

n z n n 


n — 2 


\f2n 2 \Jn — 1 


(n- 2 + nr(A h ^ J) 3/2 . 
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Based on this interrelation define : [—1 + —, 1] —> [—1,1] by 


, \ 4 3 77 - 2 , . o /o . x 

$ n (a;) =-1 - ^ + - +- <- , - (n — 2 + nx) 3/ (3.7) 

n z n n \J2n?\/n - 1 


and set 


<b(:r) = 


( —1 if x = 

-1, 

| $ n (x) if X £ 

2—n 2 — (to—1) 
n ’ n—1 


for some n> 2. 


(3.8) 


Since we have < &„(^ n ) = <J> n+ i(^ I?: ) = — 1 + ^ for every n > 1 this defines 
a function $ : [—1,1] — > [—1,1]. Notice that $2(®) = i.e. on [0,1] 

$ coincides with Daniels’ linear bound and for cc n = and n > 2 we have 
(a;„, <&(£„)) = i.e. (a;„, 4>(:r n )) coincides with the points at which Durbin and 
Stuart’s inequality is known to be sharp. Furthermore, it is straightforward to 
verify that $ is a strictly increasing homemorphism on [—1,1] which is concave 
on every interval [^=^, with n > 2. Figure 3 depicts the function $ as 

well as some prototypes and their corresponding Kendall’s r and Spearman’s p. 
Defining the compact set by 


11$ = {{x,y) e [—1, l] 2 : $(s) < y < -$(-x)}, (3.9) 


we can now state the following main result the proof of which is given in the 
next section. 


Theorem 3.5. The precise r-p region D fulfills D C 11$. 

Remark 3.6. The fact that D C D$, holds is the principal result of this paper 
since it improves the classical inequality by Durbin and Stuart mentioned in the 
Introduction and, more importantly, gives sharp bounds everywhere. In Section 
5 we will, however, show that even 11 = 11$ holds and that for every point 
(a :,y) € 11 there exists a shuffle h £ S such that (r(A/ t ), p{Ah)) = (x,y). 

Remark 3.7. A function similar (but not identical) to $ has appeared in 
the literature in [17], where the authors tried to deduce sharp bounds of 11 by 
running simulations (but did not provide any analytic proof). Additionally, it 
has been brought to our attention during the preparation of this manuscript that 
Manuel Ubeda-Flores (University of Almerfa) already conjectured Theorem 3.5 
(with the exact form of $) in a working paper in 2009. 


4. Proof of the main theorem 


Using the properties of 11 mentioned at the beginning of Section 3, Theorem 
3.5 is proved if we can show that for every h £ we have p(Ah) > $(t(A^)). 
Given Lemma 3.2 it is straightforward to verify that this is equivalent to showing 


invsum(/i) < tp(mv(h)) for every h £ S + whereby (p : [0 

by 


[0,4] is defined 


<p(x) = 


1 

6 


if x = i, 


(*) ifa;e [|- f° r some n> 2 


(4.1) 
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Fig 3. The function <1> (red) and some prototypes with their corresponding Kendall’s r and 
Spearman’s p. The shaded region depicts the classical r-p-region straight lines connecting 
the points p n are plotted in green. 


and ¥>„:[£- 2(^1) > h ~ [°> 5] is S iven l A 


<Pn{x) 


1 1 
6 3 n 2 


1 x 

2 n n 


n — 2 

6 n 1 \Jn — 1 


(n 


1 - 2 nxf /2 . 


(4.2) 


Translating this to a*(u) and b n {u), using eq. (3.6) and defining 1? : [0, g] —t [0, |] 
by i9(x) = x — 2<p(x) we arrive at the following equivalent form of Theorem 3.5: 

Theorem 4.1. For every n £ N, 7r £ cr n and u £ A„ the following inequality 
holds: 

K{u) > i9(a v (u)) (4.3) 

We are now going to prove this result and start with some first observations 
and an outline of the structure of the subsequent proof, (i) 1 ? is continuous 
and, by calculating the derivative, it is straightforward to see that i9 is non¬ 
decreasing. (ii) $(0) = $(|) =0 and i?(|) = |. (iii) For every prototype (7 r,u) 
we have equality b n (u) = •d(a„(u)). (iv) For given n and fixed 7r £ a n the func¬ 
tions v 1 ^ a„(v) and v 1 —> b^{v) are continuous on A„, so there exists some 
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u £ A„ minimizing the function v K > b^lv) — i9(a n (v)). (v) For n < 2 the in¬ 
equality b„(u) > i?(a T («)) trivially holds for every it £ a n and every u £ A n , so 

from now on we will only consider the case n > 3. 

The structure of the proof of Theorem 4.1 is as follows: 

1. Preliminary Step 1: We prove inequality (4.3) for the case of decreasing 

7T £ a n . 

2. Preliminary Step 2: We analyze how, for fixed it £ a n , the quantities a x («) 
and b n (u) change if u £ A n changes. 

3. Induction Step 1: Assuming that the result is true for all (it, u ) £ a m x A m 
with to < n we prove inequality (4.3) for (7r, u) £ er n x A„ under the 
hypothesis that there either exist (i) p < q < r such that it(r) > ir(q) > 
it(p) or (ii) p < q < r < s such that it(q) > it(p) > it(s) > it (r) holds. 

4. Induction Step 2: Assuming that the result is true for all (7r, u) £ a m x A m 
with to < n we prove inequality (4.3) for (it, u) £ cr n x A n with it not 
fulfilling the hypothesis in Induction Step I. 

Preliminary Step 1 : Consider n > 3 and it = (n, n — 1,..., 2,1). Note that in 
this situation we have ei(w) = 1, (u) = a^(u), e^{u) = b^lu) for every u £ A ra , 

whereby e,; denotes the i-th elementary symmetric polynomial for i £ {1,2,3}, 
i.e. div) := Y,i v h e 2 (v) ■= J2i<j v i v j and e 3 (v) := Y.i<j<k v i v i v k for every 
v £ M". Hence a v (u) and b n (u) do not change if we reorder the coordinates of 
u. 

Lemma 4.2. Suppose that n > 3, it = (n,n — 1,..., 2,1), C2 £ a,r(A„) and 
that u £ A n fulfills b n (u) = min{6 7r (c) : v £ A n fl (a7r) _1 ({c2})} as well as 
ui > ■ ■ ■ > u n > 0. Then there exists m £ {1,... ,n} such that Ui = 0 for every 
i > to, and U\ = • • • = w m _i > u m . 

Proof. Note that continuity of and compactness of A„n (a w ) _1 ({c2|) implies 
the existence of the minimum. We first prove the statement for the case ?z = 
3 and suppose that u is a minimizer fulfilling U 3 > U 2 > u± > 0. Define a 
polynomial / : R —> R by 

f(T) = (T — Ul )(T - u 2 )(T - u 3 ) =T 3 -T 2 + c 2 T - e 3 (u ), 

and let Df denote the discriminant of /. It is well known that Df > 0 if and 
only if / has three distinct real zeros and that in case of Df 7^ 0 locally the 
zeros of / are smooth (so in particular continuous) functions of the coefficients 

°f /• 

Suppose that iq > u 2 > u 3 > 0. Then Df > 0. Let f e (T) = T 3 — T 2 + 
c 2 T — (e 3 (u) — e), then for small enough values of e > 0, the polynomial f e 
has three distinct, positive real zeros: M e ,i, rt e ,2, W,3- Then u 6i i + 2 + 3 = 1 

and w e) iM ei2 + M e ,2W£,3 + Ue, 3 u e} i = c 2 , while u € ,iw £i 2W £i 3 = e 3 (u) — £ < e 3 (u), 
contradiction. So either u 3 = 0 or u\ = u 2 or u\ > u 2 = u 3 > 0. In the first 
two cases we are done, so suppose that u\ > u 2 = u 3 > 0. Then 1 = iq + 2u 2 
and C2 = 2iqrt2 + u ' 2 ■ Suppose that U\ > 4u 2 . Then 1 > 4 c 2 , so there are 
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unique 2/1 > y 2 > 0 such that 2/1 + 2/2 = 1 and 1/12/2 = c 2 . Let 2/3 = 0 , then 
considering y = (2/1,222,2/3) we get ei(y) = 1 , e 2 ( 2 /) = c 2 , and e 3 (y) = 0 < e 3 (u), 
contradiction. So 4 u 2 > u± > u 2 . Let 2/1 = 2/2 = 2mi 3 i ~“ 2 and 2/3 = 4 " 2 3 ~ ttl . Then 
2 /i, 2 / 2 , 2/3 > 0 , ei(y) = 1 , e 2 (?/) = c 2 , and e 3 (2/) = ^( 2 ui + u 2 ) 2 ( 4 m 2 - Hi) = 
e3 (u) — — u 2 ) 3 < 63(14), contradiction. This proves the claim for n = 3 . 

Suppose indirectly that the statement is false for some n > 3 . Then there 
are i < j < k such that it, > Uj > u k > 0 . Setting ui := U . + ™ 1 +Uk for every 
l £ {i,j,k} obviously v,i + Uj + u k = 1 . Applying the case n = 3 to Ui,v,j,u k 
yields yi,yj,y k £ [ 0 , 1 ] such that th + £/? + y k = iii + % + u k , ytyj + yjfjk + 
VkVi = UiUj + UjU k + u k Ui and yiy^yk < UiUjUk■ Setting yi = ui for every 
l £ { 1 ,..., n} \ {i,j, k} and y t = y t (ui + Uj + u k ) for every l £ {i,j, k} finally 
yields e\(y) = ei(it), e 2 (2/) = e 2 (n) and 63(2/) < 63(11), contradiction. □ 

Corollary 4.3. Suppose that n > 3 and that 7r = (n,n — 1,..., 2,1). Then 
b„(u) > i9(a v (u)) holds for every u £ A n . 

Preliminary Step 2: We investigate how, for fixed 7 r £ <j n , the quantities 
a^(u) and b v (u) change if u £ A„ changes. To do so, temporarily extend a„ and 
to full K™ using the identities in Lemma 3.2. The following lemmata (whose 
proof is given in the Appendix) will be crucial in the sequel. 

Lemma 4.4. Suppose that n > 3 and that 6 = (Si,, S n ) £ fulfills Si = 
0. Then for every t £ R. the following identities hold: 

a^(u + tS ) — a n (u) = afi + a 2 / 2 
b n (u + tS ) - bn(u) = fiit + p 2 t 2 + Pfi 3 


(4.4) 

(4.5) 


where 

«i = E] o,iSi, a 2 

i 

pi = J2 b ^’ fo = '52 Ci ’jS*Sj, 

i i<j 

and 


E w* 

i<0, 

Ps= E 

i<j<k,{i,j,k}£Q„ 


OSj 


= E 

j- 


bi = 


E 


UjU k , 


j<k, {i,j,k}£Q„ 


°i,j ~ C j,i 


E Uk - 

k: {i,j,k}eQn 


Lemma 4.5. Suppose that n > 3 and that n £ a n . Ifp,q,r £ {l,...,n} are 
distinct elements such that {p , q , r} ^ Q n , then c PjT . + c q ^ r > c VA > 0. 

We now state two conditions for 7r that imply the existence of a direction 
S £ R" \ {0} with bi = 0 such that t i-> a n (u + tS ) — a v (u) is identical to 
zero for every t and 1 1 —> b n (u + tS) — b^(u) is of degree two and concave. 

Lemma 4.6. Suppose that n > 3, that 7r £ a n , and that one of the following 
two conditions holds: 


(i) There exist p,q,r £ {1,2,..., n} with p < q < r and n(r) > w(q) > ir(p). 





Schreyer, Paulin, Trutschnig/On the exact r-p region 


13 


(ii) There exist p,q,r,s £ {1,2,..., n} with p < q < r < s and n(q) > tt( p) > 
7r(s) > TT (r). 

Then there exists S £ R n \{0} such that the coefficients in (4-4) an d (4-5) fulfill 
a 1 = a 2 = P 3 = 0 and < 0 . 

Induction Step 1: We prove the induction step for all ir £ a n fulfilling one of 
the conditions in Lemma 4.6. 

Lemma 4.7. Suppose that n > 3 and that b^fv) > i9(a u (v)) holds for all 
(cu, v ) £ a m x A m with m < n. If tt £ a n fulfills one of the conditions in Lemma 
4-6 then b n (u) > i9(a^(u)) for every u £ A n . 

Proof. Suppose that tt £ a n fulfills one of the conditions in Lemma 4.6 and 
consider u £ A n . If Uk = 0 for some k £ {l,...,n} then, defining (tt',v) £ 
a n -i x A n _i by iq = Ui for i < k and Vi = zq+i for i > k as well as 

if i < k and tt( i) < n(k) 
if i < k and tt{i) > 7r(fc), 
if i > k and n(i + 1) < n(k) 

1 if i > k and n(i + 1) > n(k), 

we immediately get b n (u) = b n i(v) > d(a w /(u)) = d(a T (u)). 

Suppose now that u £ (0, l) n and, using Lemma 4.6, choose S £ K” \ {0} 
such that < 0 and a n (u + tS) = a^fu) and b^fa + tb) — b n (u) = ffit + ffit 2 for 
all t £ K. Considering u £ (0, l) n there are to < 0 < fi such that u + t5 £ [0,1]" 
if and only if t £ [to, ti]. Concavity of 11—>- b^{u +15) implies that b n (u + to A) < 
b v {u) or b^(u + <i<5) < b^(u). Moreover there are i, j such that (u + to<5)i = 0 
and (u + ti5)j = 0 by construction, so we can proceed as in the first step of the 
proof and use induction to get b^fu) > i?(a T (u)). □ 

Induction Step 2: As final step we concentrate on permutations n £ a n not 
fulfilling any of the two conditions in 4.6 and start with the following definition 
and the subsequent lemma (whose proof can be found in the Appendix). 

Definition 4.8. A permutation n £ ai is called almost decreasing if there is at 
most one i £ { 1 ,..., l — 1 } such that n(i) < t r(i + 1 ). 

Lemma 4.9. Let l > 1 and tt £ 07 . Then the following two conditions are 
equivalent: 

• There are no l<p<q<r<l such that 7 r(p) < 7 r(q) < 7 r(r), and there 
are no l<p<q<r<s<l such that n(r) < 7 r(s) < tt(p) < tt (q). 

• n or 7 T _1 is almost decreasing. 

Having this characterization we can now prove the remaining induction step 
for those tt £ a n fulfilling that tt or 7r _1 is almost decreasing. Notice that 
w.l.o.g. we may assume that 7r £ a n is almost decreasing since defining v £ A n 
by Vi = Tv-ip) for every i £ {l,...,n} yields a T (zt) = a w - i(v) as well as 
b^iu) = b^-i ( v ). Both subsequent lemmata are therefore only stated and proved 
for almost decreasing 7r. 


7 T (i + 1 ) 

n(i + 1 ) — 
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Lemma 4.10. Suppose that n > 3 and that b u (v) > d(a u (v)) holds for all 
(w, v) € a m x A m with m < n. If it £ a n is almost decreasing with 7r(l) = n or 
7r(n) = 1 then b n (u) > ^(a T (w.)) holds for every u G A ra . 

Proof. As before we may assume u € (0, l) n . Suppose that 7r(l) = n. Defining 
(7r', u') G tr„_i x A n _i by 7r'(z) = 7r(z+l) and u' = f° r every i G {1,..., ri¬ 
ll and considering 

a^(u') = ——-— V UiUj 

(1 — u i) 2 , 

2<i<j<n: {i,j}el n 


yields that a^fu) = (1 — Ui) 2 a n i(u') + iii(l — iii). Analogously, using 

= (1 \ )3 UiUjUk 

1 2<i<j<k<n: {i,j,k}GQTr 

we get bn(u) = (1 — Ui) 3 b n i(u') + iii(l — «i) 2 av (V). To simplify notation let iTk 
denote the decreasing permuation in crj, for every k G N. Choose w", G 

A„_i such that a*„_ 1 (u ,/ ) = a^^u') and = i9(a 7r /(u / )). Define ri = 

(ui,...,u n ) by rii = rii and fo = (1 — ui)u"_ 1 for every i G {2,...,n|. Then 

Z)"=i fo = ui + (1 - «i) Z)”=/ u i = 1 and we S et 

ai n (u) = (1 — Wi) 2 a*„_ 1 (ri") + Ui(l — Hi) = a r (ii) 

as well as 

b H n {u) = X! UiUjUk+Ul ^2 UiUj 

1 <i<j<k: {i,j,k}eQ^ n 1 <j<k: {j,k}ela n 

= (1 - Wi) 3 6# n _ 1 (u ,/ ) + «i(l - «i) 2 a*„_i ('«")• 

Altogether this yields 

K(u) = (1 - ui) 3 b n >(u') + Ui(l - zii) 2 a w '(u') 

> (1 — ui) 3 ^^?/)) + rii(1 - ui) 2 a n >(u') 

= (1 - ui) 3 b% n _ 1 {u") + wi(l - w 1 ) 2 a Sn _ 1 (u") = b„ n (u) 

> d{a„ n (u)) = id(a n (u)). 

The proof of the case 7r(n) = 1 is completely analogous. □ 

The following final lemma assures that in case of almost decreasing n £ a n 
with 7r(l) ^ n and 7r(n) ^ 1 we can not be on the boundary of Note that 
in the proof we do not make use of the induction hypothesis. 

Lemma 4.11. Suppose that n > 3 and that ir G a n is almost decreasing with 
7r(l) n and 7r(n) ^ 1. Then for every u G A„ fl (0, l) n we have 

bjz (n) - d(a n (u)) > min - il(a u («)) : u G a n , v G A„| 
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Proof. First note that the existence of the minimum is assured by the fact that 
cr n is finite and A ra is compact. Set k := 7r _1 (l). Then 1 = ir(k) < rt{k — 1) < 
• • • < 7r(l) < n and 1 < 7r (n) < • • • < 7t(/c + 2) < n(k + l), so Tr(k + 1) = n. Define 
(n', u') £ a n x A„ as follows: it'{i) = 7r(«) for i ^ {k,k+ 1}, 7r'(fc) = 7r(fc +1) = n 
and n'(k + 1) = ir(k) = 1; v! i = Ui for i £ {k, k + 1}, u' k = u k +i and u' k+1 = u k . 
Then it is straightforward to verify that 

a-K’{u') - a„(u) = u k u k+ i 


and 


fv(V) - b^(u) = - ^2 u k u k +iUi, 


holds, which, considering n > 3 implies a jr '(w / ) > a^{u) and b^>(u') < b n {u). 
Having this we get b^{u) — $(a n (u)) > b n >(u') — d(av(?/)) since d is non¬ 
decreasing, which completes the proof. □ 


Since Lemma 4.11 implies that in order to prove inequality (4.3) for every 7r £ 
a n and u £ A„ it is not necessary to consider almost decreasing permutations 
7 r with 7r(l) ^ n and 7r(n) ^ 1 the proof of Theorem 4.1 (hence the one of 
Theorem 3.5) is complete. 


5. Additional related results 


So far we have shown that D C We now prove that the two sets are in fact 
identical. 


Theorem 5.1. The precise r-p region f 1 coincides with In particular, fl is 
not convex. 

Proof. The construction of $ implies the existence of a family (A t ) tg [ 0 ,i] of 
shuffles of M fulfilling that the map t i— >• A t is continuous on [0,1] (w.r.t. doo) 
and that 


7 (t) ■= (T(A t ),p(A t )) 


(4t-l,$(4t-l)) if t £ [0, \] 
(3 - 4i, -$(4t - 3)) if i €[§,1]. 


Obviously the curve 7 : [0,1] —>• [—1, l ] 2 is simply closed and rectifiable. For 
every s £ [ 0 , 1 ] consider similarities f s ,g s : [ 0 , l ] 2 —► [ 0 , l] 2 , given by f s (x,y ) = 
s(x, y) and g s {x, y) = (1 — s)(x, y) + (s, s) and define the (ordinal sum) operator 
O s : C —> C implicitly via 

TO s (A) = sp f M + (1 - s)/4“- 


Then we have d ao (O s (A),O s (B)) < doo(A,B) for all A,B £ C and every s £ 
[0,1], and the mapping s >->■ O s (A) is continuous for every A £ C. Consequently, 
the function H : [0, l] 2 —> [— 1, l] 2 , given by 

H(s,t) = (T(O s (A t )),p(O s (A t ))) 
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is continuous and fulfills, firstly, that H(0,t) = 7(t) and H(l,t) = (1,1) for 
every t £ [0,1] and, secondly, that H(s, 0) = H(s, 1) for all s £ [0,1]. In other 
words, H is a homotopy and 7 is homotopic to the constant curve (1,1), implying 
fl = 11$. Since $ is strictly concave on each interval [ 2 ~ n , with n > 3, 

fl = 11$ cannot be convex. D 



Fig 4. The curves 7 s (t) = H(s,t) for t £ [0,1] and s £ {^,..., 11} with H being the 
homotopy used in the proof of Theorem 5.1. 

Considering that the operator O s : C —>■ C maps the family of all shuffles 
of M into itself for every s £ [0,1] the proof of Theorem 5.1 has the following 
surprising byproduct: 

Corollary 5.2. For every point ( x,y ) £ fl there is a shuffle h £ S such that 
C T(A h ),p(A h )) = (x,y). 

Additionally, Theorem 5.1 also implies the following result concerning the 
possible range of Spearman’s p if Kendall’s r is known (and vice versa): 

Corollary 5.3. Suppose that X, Y are continuous random variables with t{X, Y ) 
to- Then p(X,Y) £ [$(r 0 ), -$(-t 0 )]. 
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Remark 5.4. Due to the simple analytic form of 4> is straightforward to verify 
that 


A 2 (D) = ^-^C(3) + ^7t 2 « 1.1543, 

whereby £(3) = W- Considering that A2(D 0 ) = | « 1-1667 this underlines 
the quality of the classical inequalities. 


6. Appendix 

Proof of Lemma 3.2. Since the first identity is straightforward to verify we start 
with the proof of the second one. Using sj — sj_ 1 = (Sj — Sj-i)(sj + Sj- 1) = 
u i( 2 J2k<j u k + Uj) we get 


mvsurn 


[h-K,u) — 'y ' 


j —i Js i -1 - 70 


1 [o,y)( a: ) 1 (^ lU (y),i](^,t t (a:))(2/ - x) dX(x) dX(y) 


=E / 51 / (y - z) dX ( x ) dA (^) 


7 = l*' s l-l J Si-1 

*(*)>»«) 


= E E J s iyui-^Ui-Ui^2u k jd\(y) 


7=1 i:i<j, J s j — 1 

7r(i)>7T(i) 


fc: 


= E 51 ( 2 51 ui + u j) - ^ 


7 — 1 


i: l<3 


^ U/j U;j LLj E 

fc: fc<i 


— -U,- Ui ~ UjU 


= e u ^ u i E u ' + J 


i<j- 

*(<)>*r(j) 


3 ^ 1 2 
Z: Z<j 


— Ui Uj — -U?Uj — UiUj 


E 

fc: /c<i 


Ufc 


= E + d u i + E U i U 3 U k ■ 


i<j- 


k: i<k<ij 


The third identity follows from 

6^(u) = inv(/i,r >tl ) — 2invsum(/i 7r> „) 

= E UiUjUk + E 


k<i<j, n(i)>w(j) 

+ E 
E 


U^Uj 




UiUjUk + E UiUjUk 

i<k<j, n(i)>7r(j) i<j<k , 7r(i)>7r( t 7') 

2 


E 


UjU,- 


i<j,n(i)>v(j) 


E UiUj - 2 E UiUjUk 


i<j,7r(i)>7r(j) 


i<k<j, v(i)>n(j) 
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y uiUju k + y uiUjUk - y uiUju k 

i<j<k,7r(j)>n(k ) i<j<k, ir(i)>ir(j) i<j<k, Tr(i)>n(k) 

y UiUjuk + y UiUjuk + y uiUju k 


i<j<k, 

r(fc) 


i<j < k , 

*(j)>7T(*)> ^(fc) 


i<j<k, 

K(j)>Tr(k)>ir(i) 


+ y UiUjuk + y UiUjuk + y u t uju k 


i<j<k, 

K(k)>ir(i)>ir(j) 


i<j<k, 

rr(z)>7r(fc)>7r(j) 


i<j<k, 

fr(i)>7r(j)>7r(fc) 


E 


UiUjUk 


E 


UiUjllk 


E 


'ILi'lLj'lLk 


i<j<k, 

K(j)>Tv(i)>Tr(k) 


i<j<k, 

rr(i)> 7 r(j)> ? r(fc) 


i<j<k, 

rr(i)>7r(fc)>7r(j) 


y uiUjUk + y UiUjuk + y uiUju k . 


i<j<k, 


i<j<k, 

*U)>*W>TT(i) 


i<j<k, 

K (.k) >Tt (i) >Tt (j) 


□ 

Proof of Lemma 3-4- To simplify calculations let ei(u) denote the j-th elemen¬ 
tary symmetric polynomial for i £ {1,2,3} and £ R", i.e. ei(u) = Ei' 1 ’*) 
e2<» = E i^jViVj and e 3 (u) = E i<j<k v i v o v k- Using E*«? = ei(u) 2 - 2e 2 (t>) 
it follows that 

inv}^^) = e 2 (u) = ^ (ei(w) 2 - y u?) = ^ (l - y u 2 ) 

= - ^1 — (n — l)r 2 — (1 — (n — l)r) 2 ^ = r(n — 1) — -r 2 n(n — 1). 

Moreover, considering r £ [T, we get inv(/i WjU ) £ [| - 2(n 1 _i) > § - ^], 
implying r(A^ 7r ) £ [—1 + — 1 + -yU-], which completes the proof of the first 

assertion. Using E i v f = ei(w) 3 — 3ei(w)e 2 (u)+3e3(w) and Lemma 3.2 moreover 
it follows that 

invsum(ft Ti „) = ^ inv(/i W)U ) - * (ft) = *e 2 (u) - ^e 3 (u) 

= ^e 2 (u)- ^yti, 3 - ^ei(w) 3 + ei(u)e 2 (u)) 

i 



= l 6 (( n - 1 ' )r ’ 3 + ( x ~ ( n ^ i) 7- ) 3 ) ■ 


Again considering r £ [£, we get invsum(ft 7ri „) £ [g - 6(ra l 1)2 , g - g^], 
implying p(A hjr u ) £ [-1 + J?, -1 + , Es ], which completes the proof. □ 
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Proof of Lemma f.f. The expression for (u + tS) — a„(u) is easily verified: 

a n (u + tS) — a n (u) = E ((m + Sit)(uj + 6jt) — UiUj) 
i<j, 

= t ^2 SjUi + SiUj + t 2 ^2 SiSj 
= t I E SiUj + E fii u 3 + t 2 a2 

7T i<h / 

n 

= t Si *22 Uj + t 2 a2 
i=1 j:{*,j'}elw 

n 

— £ ^ ^ $iCLi + CM 2 = H - (M 2 
i= 1 

To derive the expression for b^{u +t<5) — 6^(14) notice that 

b n (u + t<5) - ^(u) = ^ ((w» + Sit)(uj + Sjt)(u k + 5fc£) UiUjUk) 

i<j<k, {i,j,k}eQ7T 

— 5i5j5kt I SiSjUj^t I SiiSfcUjt 

i<j<k, {i,j,k}^Q n 

+ SjSj^Uit + SkUiUjt + SjUiUkt + SiUjUkt 

= t 3 E SiSjSk 

i<j<k , {i,J,fc}GQ7r 

+ £ 2 E SiSjUk + fii&k'U j j H - fijfik'U'i 

i<j<k , {i,J,/s}GQ7r 

-1 - 1 5fcUiUj — I - SjUiitk SiUjUk 

i<j<k, {i,j,k}eQn 

= Pit + p^t 1 + 


since 


^ ^ fiifij'U'k T $i$k'U j j T fijfik'U'i 

= ^ ^ SiSjUk T ^ ^ ftifijUk T ^ ^ Si5jUk 


i<j<k: 

{i,J,k}(=Q 


i<j<k: 

{i,k,j}eQir 

/ 

i<k<j: 

{i,k,j}eQ 7T 

k<i<j: 

{fc,i,i}GQ7T 

E^' I 

^ £ 

u k + E 

Mfc + E 

i<j ' 

1 z<j<k: 

\{i,k,j}€Qn 

i<k<j: 

{i,fc,j}eg7T 

k<i<j: 

{ k,i,j}eQ■ 

E 

E 

Uk 


i<j k:{i,k,j}eQ „ 




Uk 
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— ^ v ^i^j^i,j — $2 
i<j 


and 


^ ^ &kU%Uj T fij'U'i'Uk SiUjUk 

i<j<k: 

{i,J,k}eQ 7T 

= ^ ^ fik'U’i'U'j T ^ ^ &jUiUk ^ ^ ^iUjUk 

i <j < k : i<j<k: i<j<k: 

{ij.fcJeQ 7T {i.j,fc}eQ7r {i,j,fc}eQ7r 


— ^ ^ ^iUjUk + ^ ^ ^iUjUk + ^ ^ ^iUjUk 

j<k<i: j<i<k: i<j<k: 

{i,J,fc}eQ7r {i,J,fc}GQ7r {^j,fc}eQ7r 


= E* 


E 


UjUk + 


E U J U k + 

j <i<k: 

{i,j,k}eQ 7T 


E 

i<j<k : 
i,j,fc}eQ7T 


UjUk 


n n 

— ^ ^ ^ ^ UjUk — ^ ^ — /di. 

i—1 j<k 2—1 


□ 

Proof of Lemma f.5. The inequality c p , q > 0 immediately follows from iq,..., u n > 
0. Let 

J 1 if (* < J and tt(z) > 7r(j)) or ( j < i and tt( j) > 

= HJ,*) = S , 

— 1 otherwise 


and 

7m, fc = 2( 1 + l (0>(*.*)i(i,^)) e {0,1} 

for every i,j, k £ {1,..., n}. Then we have {*, j, k} £ Q n if and only if k)c(i, k) 

1 if and only if = 1- Therefore Cjj = 7 i,j,kUk for every i,j. So 

T Cq,r ^ p,q = ^ ^ (7 p,r : i T 7 q.r.i 7p,<?,i)^h 

i 

and it is enough to prove 7 P ,r,i + lq,r,i > lp,q,i for every i. If 7 = 0 or 
lp,r,i = 1 or 7 q t r,i = 1, then this is clear. So suppose indirectly that 7 P , q ,i = 1 
and 7 p , r ,i = 7 q,r,i = 0. Then t(p, q)i(p, i)i{q, i) = 1, l(p, r)b(p, i)t(r, *) = -1 and 
i(q , r)i(q, *)t(r, i) = —1. Multiplying these together, we get that i(p, q)i(p , r-)t(g, r) = 

1, so 7 P ,g,r = 1- However {p, g,r} ^ Q n , so 7 P , g ,r = 0, contradiction. □ 

Proof of Lemma 4.6. (i) Suppose that there are p < q < r such that tt( r) > 

7 r(q) > 7r(p). Let Si = 0 for every i ^ P,q,r. We can fix a nonzero solution 
(S p ,S qi S r ) £ R 3 \ {0} to the following system of homogeneous linear equations: 


Sp + Sq + 8 r — 0 , 


a p S p QqSg -f~ CLy.Sj. — 0. 
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Then S t = 0, aq = 0, moreover {p, q}, {p, r}, {q, r} £ I n and {p,q,r} £ Q„, 
so (y .2 — @3 = 0. The numbers 5 p S q , S p 8 r , S q S r cannot be all negative, so e.g., 
S p S q > 0. Then using Lemma 4.5 we obtain 

fS 2 Cp,q8p8 q T Cp^fipSr T Cq,r8 q 8 r 

— (Cp,r T Cq,r)8 p 8 q T C P:r 8 p S r C q ^ r S q S r 
= Cp t rS p (S q + S r ) + Cq^ r 8 q (8 p + S r ) = —c p , r 8 p — c q ^ r 8 q < 0. 

Now suppose that there are p < q < r < s such that tt( q) > n(p) > 7r(s) > 
7r(r). Let <5^=0 for i ^ p,q, r, s. We can fix a nonzero solution (5 pi S q ,S r , S s ) £ 
R 4 \ {0} to the following system of homogeneous linear equations: 

S p S q — 0, Sr “t - Ss — 0, a p 5 p a q 5 q T ClrSr “t - O'sSs — 0. 

Then ]Tb Si = 0, a.\ = 0, and 

0:2 = S p S r + S p S s + S q S r + S q S s = ( S p + 5 q )(8 r + 8 S ) = 0. 

Moreover { p , q, r}, {p, q , s}, { p , r, s}, {g, r, s} ^ Q n , so fa = 0. We claim that 

/?2 C p ,qS p T (Cp j7 . T Cq^ s Cp jS Cq,r)8 p 8 r C r , s 8 r b: 0. 

Let d = c Ptr + Cq^ s — c PjS — c q>r . Lemma 4.5 implies that c Pi9 > | c qtT — c PiT \ 
and c p , q > |c PjS - c q>s \, so 2c PA > |c 9ir - c p , r \ + |c PjS - c ?>s | > \d\. Similarly, 
c r ,s > |c P ,r ~ c PjS | and c r>s > |c 9jS — c 9jr |, so 2c rjS > |d| too. Since either —d < 0 
or d < 0, the equations 

2/3 2 = -2 c p ^ q Sl + 2d5 p (5 r - 2c rt sS^ 

= —d(S p - S r ) 2 - (2Cp,q - d)Sl - {2c r ,s - d)S'r = 

= d((5 p + S r )~ — (2cp i9 + d)Sp — (2c rjS + d)S j! 


imply that /?2 < 0. □ 

Proof of Lemma 4.9. Each of the two conditions is true for 7r if and only if it 
is true for 7r _1 . It is easy to see that the second condition implies the first one. 
Conversely, suppose that 7r (and hence also 7r _1 ) satisfies the first condition. We 
prove by induction on l. The statement is trivial for l = 1, so let Z > 2. If n(l) = 1 
then we can use the induction hypothesis for n\{i £ cri-i- If 7r(l) = l then 
we can use the induction hypothesis for tt' £ &i-\, where tt'{i) = n(i + 1) — 1 
for every i £ {1, ...,/— 1}. So we may assume 7r(l) ^ l and n(l) ^ 1 . 

Suppose that tt~ 1 (1) > 7r _1 (l) and set k = 7r —1 (Z). If 7r _1 (l) < k — 1 < fc, 
then 1 = 7r(7r _1 (l)) < n(k — 1) < n(k) = l , which contradicts the condition on 
tt. Consider 7r _1 (l) = k — 1. If i < j < k, then we cannot have 7r(«) < n(j), 
because then we would have tt{i) < 7r(j) < 7r(fc) = l , contradicting the condition 
on 7r. If k — 1 < i < j then we cannot have n(i) < n(j), because then we would 
have 1 = 7r(7r^ 1 (l)) = w(k— 1) < n(i) < n(j), contradicting the condition on 7r. 
So 7 r(i) > n(i + 1) for every i £ {1,..., l — 1} \ {fc}, hence 7r is almost decreasing. 
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Now suppose that 7r —1 (Z) < 7r _1 (l). If tt( l) < 7r(l), then the condition on 
7r is false for p = 1, q = 7r —1 (Z), r = 7r _1 (l), s = l. So n(l) > 7r(l) and 
(7T _1 ) _1 (Z) > (7r -1 ) -1 (l). Applying the previous paragraph to 7r _1 shows that 
7r _1 is almost decreasing. □ 
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